
JOURNAL OF MICROELECTROMECHANICAL SYSTEMS, VOL. 21, NO. 3, JUNE 2012 549

Modeling, Analysis, and Experimental Validation
of a Bifurcation-Based Microsensor
Vijay Kumar, Student Member, ASME, Yushi Yang, Student Member, ASME,

J. William Boley, Student Member, IEEE, Student Member, ASME,
George T.-C. Chiu, Member, IEEE, Member, ASME, and Jeffrey F. Rhoads, Member, ASME

Abstract—The potential to detect very small amounts of added
mass has driven research in chemical and biological sensors based
on resonant micro- and nanoelectromechanical systems over the
past two decades. While traditional resonant mass sensors utilize
chemomechanically induced shifts in linear natural frequency
for mass detection, alternate sensing approaches which exploit
near-resonant nonlinear behaviors have garnered interest from
the research community due to their potential to yield improved
sensor metrics and to simplify final device implementations. This
paper investigates the development of an amplitude-based mass
sensing approach which utilizes the dynamic transitions that oc-
cur near a cyclic-fold/saddle-node bifurcation in the nonlinear
frequency response of a piezoelectrically actuated microcantilever.
Specifically, the work details the modeling, analysis, and experi-
mental validation of this mass sensing technique. The experimen-
tal results presented here not only prove the feasibility of the
proposed sensing approach but also allow for the direct evaluation
of pertinent sensor metrics. [2011-0175]

Index Terms—Mass sensing, nonlinear, piezoelectric, saddle-
node bifurcation.

I. INTRODUCTION

THE POTENTIAL to detect very small amounts of added
mass has driven research in chemical and biological

sensors based on resonant micro- and nanoelectromechanical
systems over the past two decades [1]–[3]. Since the initial
demonstrations of microscale resonant mass sensing in water
vapor and mercury detection, the field has expanded to en-
compass a wide variety of applications ranging from medical
diagnostics and environmental safety to national security and
public safety [4]–[9]. Resonant mass sensors typically utilize
chemomechanically induced shifts in the frequency response
of an isolated resonator or an array of resonators for analyte
detection [5], [10], [11]. While traditional sensors have utilized
shifts in the linear natural frequency, recent work has demon-
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strated that sensors that exploit alternative techniques, such
as tracking the shift in the resonance frequency under para-
metric excitation or utilizing the sensor’s nonlinear resonant
frequency, could potentially improve the performance metrics
of the device [12].

While mass sensors based on chemomechanical shifts in
linear resonant frequency have demonstrated distinct utility in
terms of both sensitivity and application space, sensors that
exploit the amplitude shifts that are characteristic to the non-
linear frequency response of most systems have the potential
to further simplify final device implementations by eliminating
the need to employ the frequency tracking hardware, which is
typically required to implement a conventional microscale mass
sensor. In this regard, Younis, Zhang, and their respective col-
laborators previously highlighted the benefits of mass sensors
using amplitude shifts resulting from operation near electrosta-
tic pull-in and a parametric instability, respectively [13], [14].
Building upon these prior endeavors, this work demonstrates
an amplitude-based mass sensing approach, which utilizes dy-
namic transitions that occur near a saddle-node bifurcation (or
a cyclic-fold bifurcation, depending on the coordinates utilized
to describe the system) in the frequency response of a directly
excited microscale resonator.

Microscale resonators that operate in a nonlinear regime
commonly exhibit a classical Duffing-like frequency response
behavior. The response is characterized by the presence of
multiple coexisting steady-state solutions (stable and unstable),
cyclic-fold/saddle-node bifurcations, and hysteretic behavior.
Fig. 1 shows the steady-state amplitude response of a typical
microscale resonator with a softening nonlinearity, plotted as
a function of the normalized nondimensionalized excitation
frequency, before (blue) and after (red) the adsorption of mass
onto the resonator’s surface. The frequencies at which the stable
and unstable solutions meet are the cyclic-fold/saddle-node bi-
furcation frequencies. When the system is operating near these
bifurcation frequencies, a small change in the natural frequency
of the resonator (caused by the adsorption of mass onto the
resonator’s surface) results in a sudden change in the response
amplitude of the device. In Fig. 1, the system is operated at a
constant excitation frequency (points A′ and A). As the mass
adsorbs onto the surface, the frequency response shifts to the
left, resulting in a sudden change in the response amplitude (the
inset shows the time response of the system as the system passes
through the bifurcation point). Thus, similar to a shift in the lin-
ear natural frequency of the resonator, this abrupt change in the
response amplitude can be exploited for mass sensing purposes.
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Fig. 1. Frequency response of a typical Duffing-like resonator with a soft-
ening nonlinearity, before (blue) and after (red) adsorption of mass onto the
resonator’s surface. The stable solutions are represented by solid lines, while the
unstable solutions are represented by dashed lines. Points A’ and A represent
the resonant amplitudes, prior to and post adsorption, obtained when the system
is excited at a constant excitation frequency. As the mass adsorbs onto the
resonator’s surface, the frequency response shifts to the left, resulting in a
sudden jump in the response amplitude (the inset shows the time response
as the system moves across the bifurcation point). This transition, induced
by chemomechanical shifts in the natural frequency of the resonator, can be
correlated to a mass detection event.

In order to validate the proposed bifurcation-based mass
sensing technique, piezoelectrically actuated microcantilevers
were selected as a test bed. Piezoelectrically actuated resonators
are particularly attractive for mass sensing because of their
self-sensing capabilities [15], [16] and their rich dynamics,
although they have been traditionally exploited in scanning
probe microscopy contexts (see, for example, [17]). To study
the feasibility of using these probes as a mass sensor, a compre-
hensive nonlinear model for the piezoelectrically actuated mi-
crocantilever has been developed, accounting for the geometric,
inertial, and material nonlinearities of the piezoelectric layer
(Section II). This enabled the study of the frequency response
of the resonator and the theoretical description of the metrics of
the sensor (Section III). Experiments were then carried out to
validate the frequency response characteristics of these probes,
device functionalization, and mass sensing (Section IV). This
paper concludes with a brief summary of the results and an
overview of the ongoing efforts related to this research.

II. DYNAMICS OF A PIEZOELECTRICALLY

ACTUATED MICROCANTILEVER

The piezoelectrically actuated microcantilever of interest is
a Veeco DMASP probe, which is a silicon cantilever, with
an asymmetric piezoelectric stack consisting of a ZnO piezo-
electric layer sandwiched between two Au/Ti electrodes. To
describe the dynamics of such a system, let the axial and
transverse deformations of the beam be denoted by u(s, t) and
v(s, t), respectively, and ˙(•) and (•)′ represent the derivative
operators associated with the time and arc length variable s,
respectively. Fig. 2 shows the beam element with associated
variables used for modeling, and Fig. 3 shows, both schemat-
ically and pictorially, the piezoelectrically actuated microbeam
of interest.

Fig. 2. Schematic diagram of a typical beam element, with the associated
variables used for modeling.

Fig. 3. Schematic and pictorial representation of a representative Veeco
DMASP probe.

The kinematic constraint relating the transverse and longi-
tudinal deformations to the beam’s angular deflection (ψ) is
expressed as

tan ψ =
v′

1 + u′ . (1)

The microbeam’s axial strain ε11 is then given by

ε11 = −(y − yn)ψ′ (2)

where yn is the location of neutral axis from the midplane of
the silicon cantilever which is given by

yn =
Epwptp(tp + tb)

2(Eptpwp + Ebtbwb)
, for s < l1

= 0, for l1 < s < l. (3)

Note that Eb and Ep represent the elastic modulus of
the beam and the elastic modulus of the stack consisting
of the piezoelectric material and Au/Ti, respectively, and
wb, wp, tb, tp, l1, l2, and l are defined as in Fig. 3 (see Table I
for the dimensions of a nominal Veeco DMASP probe).

The relationships between the induced stress and the strain
in the silicon cantilever and the piezoelectric patch can be
defined using classical constitutive relations. For the silicon
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TABLE I
DIMENSIONS OF A NOMINAL VEECO DMASP PROBE

cantilever, the constitutive relation is σb
11 = Ebε

b
11, while, for

the piezoelectric patch, the constitutive relations are given by
[18], [19]

σp
11 = Epε

p
11 − h31Q3 +

α1

2
(εp

11)
2 +

α2

2
(Q3)2 − α3ε

p
11Q3

D3 = h31ε
p
11 + β31Q3 +

α3

2
(εp

11)
2 +

α4

2
(Q3)2 − α2ε

p
11Q3

(4)

where the superscripts b and p represent the beam and the
piezoelectric patch, respectively; σ11, Q3, D3, h31, and β31

represent the stress, the applied electric field, the electrical
displacement, the effective coupling coefficient that relates the
electrical and mechanical displacements, and the permittivity
coefficient, respectively; and αi (i = 1, 2, 3, 4) represents the
material nonlinear coefficients. Assuming that the electrical dis-
placement is linear, the electric field is defined as the gradient
of the applied potential with respect to the thickness variable

Q3 = −∂φ

∂y
. (5)

The absence of free charges inside the piezoelectric layer im-
plies that D3,3 = 0 [20]. This, along with (2) and (4), suggests
that the potential must be a quadratic function in y

φ = φ0 + φ1y + φ2y
2. (6)

Solving (5) and (6) yields

φ2 = −1
2

h31

β31
ψ′. (7)

Noting that the applied potential between the two electrodes
is given by Δφ = φ((tb/2) + tp) − φ(tb/2) yields

φ1 =
Δφ

tp
+

1
2

h31

β31
ψ′(tp + tb). (8)

Using the aforementioned relationships along with the theory
of classical elasticity, the kinetic energy T and potential energy
U of the resonator is given by

T =
1
2

l∫
0

m(s)[u̇2 + v̇2]ds

U =
1
2

l1∫
0

∫ ∫
A

σp
11ε

p
11dAds +

1
2

l1∫
0

∫ ∫
A

σb
11ε

b
11dAds

− 1
2

l1∫
0

∫ ∫
A

Q3D3dAds +
1
2

∫ l2

l1

∫ ∫
A

σb
11ε

b
11dAds

+
1
2

l∫
l2

∫ ∫
A

σb
11ε

b
11dAds (9)

where m(s) and A represent the mass density and cross-
sectional area of the composite system, respectively. Assuming
that the beam has negligible rotational inertia, the specific La-
grangian of the given resonator can be defined as L̄ = T − U .
The application of extended Hamilton’s principle then results
in the following variational equation for the system:

δH = 0 = δ

t2∫
t1

l∫
0

{
L̄ +

1
2
λ

[
1 − (1 + u′)2 − (v′)2

]}
dsdt

+

t2∫
t1

l∫
0

(Quδu + Qvδv)dsdt (10)

where λ is a Lagrange multiplier introduced to maintain the in-
extensibility constraint and Qu and Qv are the external noncon-
servative forces in the longitudinal and transverse directions,
respectively. For a typical piezoelectrically actuated resonator,
the only external nonconservative force acting on the beam
is the force resulting from viscous damping, and thus, Qu =
0, and Qv = −cv̇, where c is the specific viscous damping
coefficient. Using third-order Taylor series approximations for
ψ and integrating (10) successively by parts yield the equations
governing the longitudinal and transverse vibrations of the sys-
tem. Solving the equation governing the longitudinal vibration
for the Lagrange multiplier and substituting it in the equation
for the transverse vibration, along with the expression for u
resulting from the inextensibility constraint

u(s, t) ≈ −1
2

s∫
0

(v′)2ds (11)

yields a single equation governing the transverse vibrations of
the system. Nondimensionalizing the aforementioned system
by introducing a scaling of the displacement, arc length, and
time variables as in the following:

v̂ =
v

v0
ŝ =

s

l
t̂ =

t

T
(12)

where v0 is a characteristic displacement of the system (the
beam’s thickness or width), l is the undeformed length of the
beam, and T is a characteristic time period of the system, yields
a scaled distributed parameter model for the system.

Employing standard modal projection techniques, the com-
plex distributed parameter model noted previously can be re-
duced into a system of ordinary nonlinear differential equations.
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Fig. 4. First two bending modeshapes of a Veeco DMASP probe, derived
using a discontinuous beam model. The red curve shows the first bending mode,
while the blue curve shows the second bending mode. The modeshapes are
normalized such that the tip amplitude is equal to 1.

To facilitate this, an expansion for the transverse displacement
of the system v̂(ŝ, t̂) of the form

v̂(ŝ, t̂) =
∞∑

i=1

wi(t̂)Φi(ŝ) (13)

where Φi(ŝ) is the modeshape of the individual modes and
wi(t̂) is the displacement in the respective modes has been
introduced. Since the response of the system is dominated by
the first mode, the system is projected onto the first bending
mode. The modeshape for a discontinuous cantilever is formu-
lated by deriving the modeshapes for different sections of the
beam separately and by applying the appropriate continuity and
boundary conditions. Fig. 4 shows the first two bending modes
of a Veeco DMASP probe, derived using a discontinuous beam
model.

Using the aforementioned formulation for modeshape, pro-
jecting on to the first mode of the beam yields the final-lumped
mass equation governing the transverse vibrations of the
system

ẅ + ε2ĉẇ +
(
ω2

n + ε2Δφλ1 + ε2Δφ2γ1

)
w + εk2w

2

+ ε2Δφλ2w
2 + ε2(k3 + Δφλ3 + Δφ2γ3)w3

+ ε2χ(wẇ2 + w2ẅ) = ε2η1Δφ. (14)

Note that Δφ = f cos(Ωt̂), where f is the amplitude of the
applied excitation voltage and Ω is the normalized excitation
frequency. The nondimensional coefficients in (14) are strong
functions of the system’s geometry, resonant modeshapes, and
constitutive material properties. The effective linear and the cu-
bic stiffnesses (ω2

n, k3), and the nonlinear inertial term (χ) vary
strongly with the system’s geometry and elastic material prop-
erties and exhibit a weak dependence on material nonlinearities,
while the other terms in the expression are strong functions of
the linear and nonlinear piezoelectric material coefficients (see,
for example, [17], [19], [21], and [22]). Detailed expressions for
the nondimensional coefficients in (14) are omitted here for the
sake of brevity. Note that the coefficient scaling employed here
was developed such that physically relevant terms remain in
a second-order perturbation analysis of the system. Also, note
that, if linear constitutive relationships are used in place of their
nonlinear counterparts, the resulting system model resembles a
classical Duffing resonator.

A. Analysis

In order to study the system dynamics near its primary reso-
nance, a second-order multiple scale analysis is performed. To
begin, all material nonlinearities [in (4)] except α1 are assumed
to be zero (note that ongoing experimental efforts are aimed at
validating this assumption) [19]. Thus, (14) is transformed to

ẅ + ω2
nw + ε2ĉẇ + εk2w

2

+ ε2
[
k3w

3 + λ2Δφw2 + χ(ẅw2 + wẇ2)
]

= ε2η1Δφ.

(15)

The time variable is then expanded into multiple time scales
as follows:

t̂ =T0 + εT1 + ε2T2 + · · ·
d

dt̂
=

d

dT0
+ ε

d

dT1
+ ε2

d

dT2
+ · · ·

=D0 + εD1 + ε2D2 + · · · (16)

Likewise, the solution for (15) can be expanded according to

w(t̂; ε) = w0(T0, T1, T2) + εw1(T0, T1, T2)

+ ε2w2(T0, T1, T2) + · · · (17)

Substituting (16) and (17) into (15) and equating the like
powers of ε yield

(ε0) : D2
0w0 + ω2

nw0 = 0

(ε1) : D2
0w1 + ω2

nw1 = − 2D0D1w0 − k2w
2
0

(ε2) : D2
0w2 + ω2

nw2 = − ĉD0w0 − 2D0D2w0

− 2D0D1w1 − D2
1w0

− 2k2w0w1 − k3w
3
0

− χ
(
w0(D0w0)2 + w2

0(D
2
0w0)

)
− λ2w

2
0Δφ + η1Δφ. (18)

To further simplify the analysis, a detuning parameter (σ)
and an effective nonlinear coefficient (Neff) are introduced as
follows:

σ =
Ω − ωn

ε2ωn

Neff =
9k3ω

2
n − 10k2

2 − 6χω4
n

24
. (19)

Solving the aforementioned system using higher order mul-
tiple scale techniques yields the relationship governing the
steady-state frequency response of the system

16a2
0ĉ

2ω2
n

f2 (−4η1 + a2
0λ2)

2 +
64

(
a3
0Neff − a0σω4

n

)2

f2 (4η1 − 3a2
0λ2)

2
ω4

n

= 1. (20)

Note that a0 refers to the steady-state near-resonant am-
plitude of the system. Solving (20) for a0 as a function of
the detuning parameter σ reveals the steady-state frequency
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Fig. 5. Frequency response of a representative microresonator for various
values of the effective nonlinear coefficient (Neff) excited with an applied
voltage of f = 10 V. Stable solutions are represented using solid lines, while
the unstable solutions are represented with dashed lines. For negative values of
the effective nonlinear coefficient, the system shows a softening behavior, while
for positive values of the effective nonlinear coefficient, the system shows a
hardening behavior.

response structure of the system. While the parameters ĉ, ωn,
η1, and λ2 are known functions of the beam’s geometry and
material properties, the effective nonlinear coefficient Neff is
a function of the material nonlinearities of the piezoelectric
material and, hence, generally unknown.

Fig. 5 shows the frequency response behavior of the sys-
tem for representative values of the system parameters, for
an excitation amplitude of 10 V, and for different values of
the effective nonlinear coefficient Neff . A nominal value of
damping, akin to those seen in experimental linear ring-down
analyses, was chosen for ĉ. The frequency response consists
of multiple solutions, both stable (represented by solid lines)
and unstable (dashed lines). The frequencies at which the stable
and unstable solutions meet are the saddle-node bifurcation
frequencies. This particular frequency response behavior shows
two saddle-node bifurcation frequencies: with one being the
frequency where the lower amplitude stable solution and the
unstable solution branches meet and with the other one being
the frequency where the higher amplitude stable solution and
the unstable solution branches meet. For negative values of the
effective nonlinear coefficient, the system shows a softening
behavior, while for positive values, the system shows hardening
frequency response characteristics.

The effect of the amplitude of excitation on the bifurcation
frequencies has been shown in Fig. 6. The plot shows that the
hysteresis increases as the amplitude of excitation increases.
To accurately estimate the bifurcation frequencies, an estimate
of the effective nonlinear coefficient Neff is needed. Neff is a
function of the material nonlinear coefficient α1. To estimate
the material nonlinear coefficient, a simple parametric identi-
fication routine can be designed (please see [19] and [23] for
illustrations of typical parametric identification routines). An
estimate of the saddle-node bifurcation frequencies will not
only lead to the choice of the operating point for the sensor
but will also facilitate a study of the performance metrics of the
device.

Fig. 6. Saddle-node bifurcation frequencies (critical value of the detuning
parameter σcr) plotted as a function of excitation voltage for a representative
value of the effective nonlinear coefficient (Neff = −0.01). As the excitation
voltage increases, the hysteresis between the forward and reverse sweeps also
increases.

III. SENSOR METRICS

In order to compare the effectiveness of a given mass sensing
technique against other comparable platforms, it is important
to define the sensor’s metrics both analytically and experimen-
tally. A particular metric of interest is the minimum detectable
mass or mass sensitivity of a sensor. For a conventional linear
resonance-based mass sensor, the mass sensitivity δm is given
by [24]

δm ≈ R−1δω (21)

where R is the mass responsivity of the sensor (the rate of
change of the natural frequency as a function of the effective
mass of the sensor) and δω is the frequency resolution of the
system. Since R is a deterministic quantity fixed by sensor
design, the mass sensitivity of a given device is commonly a
strong function of the frequency resolution. In the presence
of noise and uncertainty, the frequency resolution (and, hence,
the minimum detectable mass) is strongly governed by the
minimum resolution that can be achieved from the hardware
associated with the setup.

For an amplitude-shift-based mass sensor, the expression for
mass sensitivity can be derived from (21) by applying the chain
rule of differentiation

δm∗ = R−1S−1δa (22)

where δm∗ is the mass sensitivity of an amplitude-based sensor,
R is the mass responsivity, S is the change in output amplitude
as a function of the excitation frequency, and δa is the amplitude
resolution, i.e., the minimum detectable change in amplitude as
limited by the presence of noise and uncertainty

S =
∂a

∂ω
. (23)

As noted earlier, the sensor operates in a frequency range
where multiple steady-state solutions are present. In the ab-
sence of any external perturbations and noise, the system
remains on the solution branch as determined by the initial
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conditions until a bifurcation point is crossed (whereat, the
rate of change of amplitude as a function of frequency tends
to infinity). The amplitude resolution is determined by the
minimum detectable difference in amplitude between the two
stable solutions at the saddle-node bifurcation frequency. For
the given system, this quantity is quite high (as shown in Fig. 5
and later verified experimentally), and therefore, the sensor
is not practically limited by the amplitude resolution. Thus,
bifurcation-based sensors operating in the absence of noise
have a minimum detectable mass which approaches zero.

The effects of noise on the bifurcation frequencies of a
nonlinear system have been investigated by a number of re-
searchers, with notable efforts emphasizing saddle-node bifur-
cations being reported in [25] and [26]. As shown in [25],
for a typical Duffing-like resonator, noise blurs the separatrix
between the basins of attraction of the two different stable solu-
tions. Thus, when choosing the operating point for the nonlinear
sensor, the excitation frequency should be selected such that
noise does not cause the system to crossover into the other basin
of attraction. This constrains the minimum detectable mass of
the sensor (or the exposure time needed for the sensor to detect
the presence of analyte in the case of a threshold sensor). While
a number of previous efforts have addressed the control and
stabilization of the dynamic response of microresonators near
bifurcations (see, for example, [27]), the study of such control
techniques, as well as a full investigation of the stochastic na-
ture of the bifurcation phenomenon, is largely beyond the scope
of the present work and, hence, is not addressed in detail here.

IV. EXPERIMENTAL VALIDATION

To validate the proposed bifurcation-based sensing tech-
nique, a series of experimental trials was initiated. To begin,
the probes were functionalized with a polymer capable of
absorbing/adsorbing the target molecules of interest. In the
present work, the beams were functionalized with poly 4-vinyl
pyridine to facilitate methanol sensing [10]. The beams were
characterized with respect to their nonlinear frequency response
behavior to identify the bifurcation frequencies and, thus, an
operating point for the sensor. The sensors were then subjected
to a series of mass sensing trials in a carefully controlled
chemical environment.

Although a wide variety of methods exist for functionalizing
microcantilevers [10], [28], [29], inkjet printing has gained sig-
nificant attention recently due to its ability to precisely deposit
small volumes of liquid onto any surface [30] and because of
its relative advantages over conventional fabrication techniques
[31]. In this paper, a microinkjet printing process with thermal
actuation enabled drop formation was used to functionalize the
sensors [32]. In this process, electrical current is passed through
a resistor placed within a reservoir containing the polymer.
Resistive heating causes the temperature of the polymer to rise.
This causes a vapor bubble to form and subsequently collapse,
inducing a wave in the fluid, which results in the formation of
a drop. In the current work, the sensors were functionalized
with 110-pL drops in less than a second. In order to preserve
the integrity of the sensor’s surface after functionalization, the
sensors were stored in a carefully controlled nitrogen envi-

Fig. 7. Scanning electron microscopic image of a representative functional-
ized Veeco DMASP probe.

Fig. 8. Schematic representation of the automated experimental setup.

ronment. A scanning electron micrograph of a representative
functionalized beam is shown in Fig. 7 [33].

The employed experimental setup consists of a custom-
designed chemical test setup, a scanning laser Doppler vibrom-
eter, and associated hardware. Fig. 8 shows the block diagram
of the complete experimental setup. This chemical test setup
was used to precisely control the chemical makeup of the
environment for the proof-of-concept testing of these sensors.
The chemical test setup consists of multiple analyte bubblers,
placed upstream of independent mass flow controllers and a
carrier gas supply. The temperatures of the analyte liquid in the
bubblers were controlled using resistance temperature detectors
and associated heat pads. By controlling the temperatures of
the liquid analyte, the pressure of the carrier gas at the inlet
of the bubbler, and the mass flow rates of each of the mass
flow controllers, a wide range of concentration levels of the
analyte/carrier gas mixture was produced. The mixture was then
discharged into a sealed test chamber where the sensors are
placed. The chamber is optically accessible from the top side
(designed specifically to allow the maximum transmission of
the laser beam of the particular wavelength from the vibrome-
ter) and has complete temperature control, similar to the analyte
bubblers. Sealed electrical ports on the bottom side provided
electrical access to the chamber. The entire setup is controlled
by an independent LabVIEW interface.

The nonlinear frequency response behavior of the Veeco
DMASP probes was recovered using a Polytec MSA-400 scan-
ning laser Doppler vibrometer and the LabVIEW interface.
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Fig. 9. Frequency response of the system, recovered via forward and reverse
sweeps, for an excitation voltage amplitude of 9 V and for a sweep time of
1200 s. The linear natural frequency of the beam is 60.4 kHz, and the
quality factor, as established from frequency sweeps (within the linear response
regime) is around 250.

Fig. 10. Output amplitude of the resonator and the flow rate of methanol
(indicating the ON/OFF state of the analyte/carrier gas mixture) plotted as a
function of time. The sensor was operated at a frequency which was 40 Hz
below the predicted bifurcation frequency. The concentration of methanol in
nitrogen was 0.56% by weight, as set at the mass flow controllers. As the
analyte adsorbed on the surface, the bifurcation frequency decreased, resulting
in a sudden jump in the amplitude. This jump in amplitude signals a detection
event.

After establishing the natural frequencies and modeshapes
of these probes, frequency sweeps were performed near the
first natural frequency to characterize the nonlinear frequency
response behavior. Frequency sweeps were performed at a
variety of actuation voltage levels and for a variety of sweep
rates ranging from highly nonstationary sweeps to quasi-static
sweeps. Fig. 9 shows a nonlinear frequency response from
a representative sweep, performed with an excitation voltage
amplitude of 9 V and a sweep time of 1200 s. As expected, the
probes showed a softening response, with hysteresis between
the forward and reverse sweeps. The responses also showed the
presence of distinct bifurcation frequencies during both forward
and reverse sweeps.

Although the results shown previously clearly demonstrate
the method to identify bifurcation frequencies during frequency
sweeps, the precise estimation of these frequencies depends on

Fig. 11. Representative results from the randomized testing cycles, carried
out on two different days. The sensor’s output amplitude and the flow rate
of methanol (indicating the ON/OFF state of the analyte/carrier gas mixture)
are plotted as a function of time. The sensor was tested through a series of
randomized test cycles, with a random number generator picking the ON/OFF

state of the analyte/carrier gas mixture. During each cycle, the bifurcation
frequency was determined, and the operating point was set at a frequency 40 Hz
below the bifurcation frequency. The supplied analyte/carrier gas mixture
concentration was 1.18%, as specified at the mass flow controllers. As shown,
the sensor showed positive detection and negative detection events accurately
during every cycle, indicating the reliability of the sensing process. The
anomaly seen in cycle 11 of day 1 and cycle 14 of day 2 is due to the error
in the estimation of the bifurcation frequency, which could be corrected by
developing a more robust source code to estimate the bifurcation frequencies.

a variety of factors: 1) the noise present in the system—most
microsystems are inherently noisy and, as shown by [34], for
example, exhibit observable frequency response characteristics
which have a strong dependence on sweep rate; and 2) re-
sistive heating—as the piezoelectric material is subjected to
resistive heating, the material softens, and thus, the bifurcation
frequency decreases. It is therefore necessary for these sensors
to achieve near thermal equilibrium before subjecting to mass
sensing trials.

A. Mass Sensing Trials

To validate the performance of these sensors and the test
chamber, a series of mass sensing trials was initiated. As a
first step, the sensors were subjected to conventional linear
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TABLE II
RESULTS OF THE RANDOMIZED TESTING CYCLES USED TO STUDY THE RELIABILITY OF THE SENSING PROCESS

resonance mass sensing trials. The beam was excited with a
pseudorandom signal of 2-V amplitude, the beam response
was monitored using the scanning laser Doppler vibrometer,
and the first natural frequency was tracked as a function of
time. The analyte/carrier gas mixture (methanol/nitrogen) and
pure carrier gas (nitrogen) were supplied alternately (at various
concentration levels and for various periods of time) to the
sensor to ensure successive adsorption and desorption of the
analyte molecules onto the surface of the sensor. As expected,
as the analyte adsorbed on the surface, the natural frequency
decreased, and as the analyte desorbed, the natural frequency
increased [33], thus indicating a mass dominated chemome-
chanical process.

In order to realize a bifurcation-based sensor, an estimate
of the change in bifurcation frequency as a function of the
applied mass is needed. For this trial, the beam was subjected
to a series of adsorption/desorption cycles, and the bifurcation
frequency (jump from the lower amplitude solution branch to
the higher amplitude solution branch) was recorded at each
step. As shown in [35], the bifurcation frequency also followed
a similar trend to that of the linear natural frequency, i.e., as the
molecules adsorbed, the bifurcation frequency decreased, and
as the molecules desorbed, the bifurcation frequency increased.
The trial has been repeated for different concentration levels
and for various periods of time, and the average adsorption
rate and desorption rate (the rate at which the bifurcation
frequency changed as the molecules adsorbed or desorbed from
the surface) were found. This enabled the prediction of the time
taken for the sensor to jump from the lower solution branch
to the higher amplitude solution branch when operating at a
fixed frequency away from the bifurcation point during a mass
sensing trial.

Building on the aforementioned results, an operating point
was selected for the mass sensor based on the bifurcation
frequency. The operating point was chosen near the bifurcation
frequency such that the system remains on the lower solution
branch but was sufficiently far away from the bifurcation fre-
quency such that stochastic switching is not observed. The sen-
sor was then excited at a constant frequency near bifurcation,
and the dynamic response of the beam was recorded. Fig. 10
shows the response of the beam during a mass sensing trial,
with the beam operating at 40 Hz away from the bifurcation
frequency. The concentration of the analyte in the carrier gas
mixture was set at 0.56% by weight of methanol in nitrogen, as
specified at the mass flow controllers. As shown in the figure, as
the mass adsorbed onto the surface, the sensor showed a sudden
jump onto the higher amplitude solution branch, signaling a
positive detection event. The result was also consistent with
the switching times predicted from the experimentally derived
adsorption and desorption rates.

In order to further validate the performance of these sen-
sors, the sensors were put through a series of randomized test
cycles. As a first step during each test cycle, the bifurcation
frequency was identified (to minimize the uncertainties in the
estimation of the operating point for the sensor). Once the
operating point was identified, the sensor was excited at a
constant frequency, and the dynamic response was recorded.
A random number generator was used to determine whether
the analyte/carrier gas mixture was supplied to the sensor or
the sensor was supplied with pure carrier gas. The response
of the sensor was then investigated to determine the number of
correct positive detection or negative detection events and the
number of false positives and false negative detection events.
Fig. 11 shows two representative tests (carried out on two
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different days), performed with a concentration of 1.18% by
weight of methanol in nitrogen, as specified at the mass flow
controllers. Table II describes the results from Fig. 11 in terms
of the detection events. As shown, the sensor achieved posi-
tive detection every time the analyte/carrier gas mixture was
supplied, and there were no detection events when only pure
carrier gas was supplied. Anomalies arose in a few detection
events when the system detected bifurcation prematurely (trial
11 on day 1 and trial 14 on day 2). This is attributed to the
error in the estimate of the bifurcation frequency (which was
also controlled by the LabVIEW interface) and is thus traced
to calibration rather than hardware failure. From a device per-
spective, the mass sensor has shown considerable promise. The
trial has been successfully repeated with different devices and at
different concentration levels, with only anomalies akin to those
described previously arising during the trials conducted to date.

V. CONCLUSION AND FUTURE DIRECTIONS

The work presented herein has described the detailed model-
ing, analysis, and experimental validations of a mass sensor,
based on dynamic transitions across cyclic-fold/saddle-node
bifurcations. The experimental results presented herein clearly
demonstrate that the proposed mass sensing technique is in-
deed feasible. Current efforts are focused on characterizing the
sensitivity of such sensors, optimizing the metrics of the sensors
and exploiting the self-sensing nature of these devices for final
device implementations.
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